In this paper we start considering a sesquilinear form W ·, · defined over a Hilbert space (H, ·, · ) where W is bounded (W * = W ∈ B(H)) and ker W = {0}. We study the dynamic of frame of subspaces over the completion of (H, W ·, · ) which is denoted by HW and is called Hilbert space with W -metric or simply W -space. The sense of dynamics studied here refers to the behavior of frame of subspaces comparing HW with H as well H with HW . Furthermore, we show that for any Hilbert space with W -metric HW , being 0 an element of the spectrum of W (0 ∈ σ(W )), has a decomposition HW = n∈N∪{∞} H W ψn , where H W ψn L2(σ(W ), x dµn(x)) for all n ∈ N ∪ {∞}, L2 denotes a Hilbert space square integrable and µ a Lebesgue measure. Finally, the case when W is unbounded also considered.
Introduction
The theory of frames in Hilbert spaces provides a flexible alternative due to allows to avoid linear independence and ortogonality bettween its elements. This theory was introduced by Duffin and Schaeffer in 1952, see [14] , leading to new developments and applications in functional analysis and related areas, see for example [8, 9, 10, 11, 13, 15, 16, 17] . Moreover, in the papers of Cazzasa, Kutniok and Gȃvruţa have been studied the frame of subspaces or Dual frames, see [9, 17] , while Hilbert spaces with W -metric were studied by Azizov and Iokhvidov, see [5] . Recently in [15, 16] , works involving second and third author, have been proven that the properties 0 ∈ ρ(W ) (i.e., 0 is in the resolvent of W ), 0 ∈ σ(W ) (i.e., 0 is in the spectrum of W ) have influence over the behavior of the frames of subspaces.
Inspired by the theory of C * -algebra, where the theorem of spectral representation (see [20] ) is proved for Hilbert spaces, in this paper we define frame of subspaces on Hilbert spaces with W -metric, analyzing the influence of the properties of W , concerning to its spectrum and its resolvent, over such frame of subspaces. Furthermore, as aim of this paper, we rewrite this important theorem in the sense of frame of subspaces as well in the context of Hilbert spaces with a W -metric.
The starting point of this paper is the theoretical background related to Krein spaces and Hilbert spaces with W -metric. Afterwards, we present our approach to the study of frame of subspaces. In particular, we introduce the concepts of frame of subspaces in Hilbert spaces and frame of subspaces in Krein spaces. The last one coming from the definition of frame in Krein spaces given in [15] , being some results derived from such definition. Next, is considered thereof way the frames of subspaces in Hilbert spaces with Wmetrics when the Gram operator W is bounded, although 0 ∈ σ(W ) as well for 0 / ∈ σ(W ). Later, are analyzed the frames of subspaces over regular and singular Krein space (respectively). The main result of this paper is such as follows: any singular Krein space has a decomposition in direct sum of singular Krein subspaces H W ψn , which are isomorphic to L 2 (σ(W ), x dµ n (x)) for every n ∈ N ∪ {∞}. Finally we study the behavior of the frame of subspaces when the Gram operator is unbounded. The interested reader on these subjects can found some open questions and remarks as well complementary references ending the paper. We define the following scalar product over :
We can see that ( , (·, ·)) is a Hilbert space, the so-called Hilbert space associated to . Henceforth, the orthogonal projections over + and − will be denoted by P + and P − respectively. Likewise, the linear bounded operator J = P + − P − , the so-called Fundamental Symmetry, satisfies the property: [x, y] = (Jx, y), ∀x, y ∈ . We can see that this property can be written as is the so-called J-orthogonal complement of V with respect [·, ·] (or simply J-orthogonal complement of V ).
Remark 1.5. From now on, any closed subspace V considered in this paper will be projectively complete. We denote by P V and Q V the orthogonal and J-orthogonal projections on V respectively. i.e., P * J
On the other hand, in [6] was proven that if V is a closed subspace, then their J-orthogonal complement V [⊥] and orthogonal complement V ⊥ are closed subspaces. Therefore, such subspaces are linked by the formulas
(1.3)
By (1.3) we note that JV is projectively complete if and only if V is projectively complete. Moreover, condition V ∩ V [⊥] = {0} set that for any k ∈ , k has an unique J-orthogonal projection over V , see [6] for complete statements and proofs.
Remark 1.6. Let ( , [·, ·]) and V be a Krein space and a projectively complete closed subspace of respectively. In consequence,
). Let and {e i } i∈I ⊂ be a Krein space and a system of vectors respectively, where I is an arbitrary set of indices. If [e i , e j ] = ±δ i,j for all i, j ∈ I, where δ i,j is the Kronecker's delta, then such system of vectors is named J-orthonormalized system. Example 1.8. Assume that E + = {e + i } i∈I and E − = {e − k } k∈K are Jorthonormalized system of + and − respectively. The system of vectors E = E + ∪ E − is a J-orthonormalized system of . Definition 1.9 ([6]). A J-orthonormalized system is called maximal whether if it is not contained in any wider J-orthonormalized system, and to be Jcomplete whether there is no non-zero vector J-orthonormalized to this system. Definition 1.10 ( [6] ). Let ( , [·, ·]) be a Krein space. A J-orthonormalized basis in is a J-orthonormalized system, J-complete and maximal in .
is a Hilbert space, we can study linear operators acting on Krein spaces. Some topological concepts such as continuity and closure over operators and spectral theory, are concerning to the topology induced by the J-norm given in (1.1). Therefore, some definitions related with operator theory in Hilbert spaces are satisfied in a more general way. For example, we can consider the space of all bounded operators on The following definition is in agreement with the previous remark. The next result will be used along this paper and its proof is similar to the case of Hilbert spaces, see [17] . Proposition 1.13. Let and be Krein spaces with fundamentals symmetries J, J respectively. Consider V ⊂ a closed subspace with Jorthogonal projection Q V : → V , and orthogonal projection
, [·, ·] J and T : → be unitary operators. Then
where P UV : → UV is the orthogonal projection on UV , and Q TV : → TV is the J-orthogonal projection on TV . In particular, if = and J = J, then
Let V be a closed subspace of . The following statements hold.
Proof. We prove only item i) due to the proof of item ii) can be done in an analogous way. Let P V be an orthogonal projection on V , consider 
Therefore
Hence
(1.10)
Otherwise is called singular.
More details of the regular and singular Krein spaces can be found in [5] .
Consider the polar decomposition of W given by the formula
where the linear operator J : (ker |W |) ⊥ = Rang |W | = H → Rang W = H is a partial isometry. However, ker J = {0}, this imply that J is a unitary operator.
Proof. By the properties of the spectral measure we have W |W | = |W | W . where J is the symmetry of Hilbert space H such that W = J|W |.
Main results
In this section we present an approach to study the frames of subspaces in the context of Krein and Hilbert spaces.
Frame of subspaces on Hilbert spaces
Next, we consider the frames of subspaces in Hilbert spaces. See details in [9] . From now on we consider I like a set of indices, and define ∞
The numbers A and B are called frame bounds.
Frame of subspaces on Krein spaces
Now, we consider the frame of subspaces in Krein spaces. This work is based in the properties given in the case Hilbert spaces, which can be found in [9] and see also [15] . iii). {x i , V i } i∈I is a frame of subspaces of ( , [·, ·] J ) with frame bounds A, B; iv). {x i , JV i } i∈I is a frame of subspaces of ( , [·, ·] J ) with frame bounds A, B.
Proof. The equivalence of i and ii follows from
The same argument is applied to {x i , JV i } i∈I , together with the proposition 1.13, to prove the equivalence of iii and iv, i.e.,
The equivalence i and iv is proved with the proposition 1.14 as follows: Given P JVi and P Vi orthogonal projections on JV i and V i respectively, we define Q Vi = P JVi P Vi , which is a J-orthogonal projection on V i . Thus, since J Vi ⊂ V i we get
Consider a partition {J i } i∈I of I such that I = i∈I J i and {k i,j } j∈Ji is a sequence of frame for the Krein space with frame bounds A i , B i > 0. Define V i = span j∈Ji {k i,j } for all i ∈ I and choose an J-orthonormal basis {e i,j } j∈Ji for each subspace V i . Suppose that 0 < A = inf i∈I A i ≤ B = sup i∈I B i , then the following statements are equivalent. i). {x i k i,j } i∈I,j∈Ji is a frame for the Krein space .
ii). {x i e i,j } i∈I,j∈Ji is a frame for the Krein space .
iii). {x i , V i } i∈I is a frame of subspaces for the Krein space .
Proof. Since {k i,j } j∈Ji is a sequence of frame for the Krein space with frame bounds A i , B i > 0, then in [15] shown that is equivalent to say that {k i,j } j∈Ji is a sequence of frame for the Hilbert space ( , · J ) with same frame bounds. Thus, by the theorem 2.4 the proof is analogous as in the case of Hilbert space, see [9] . Proof. By the proposition 1.13 we have that
Frame of subspaces in Hilbert spaces with W -metric
In [15] is proved that the behavior of the frames in Hilbert spaces with a Wmetric is depending of the properties 0 ∈ ρ(W ) or 0 ∈ σ(W ). Next, we study the frames of subspaces in this spaces. 
Frame of subspaces in regular
Hence, for ε → 0, inf f J ≤1 i∈I Proof. In [15] was proved that the operator |W | : H ⊂ H W → H, satisfies |W |k 2 = |W |k, |W |k = |W |k, k = k 2 J . i.e., |W | ∈ B(H, H W ) is an isometry. Therefore, this isometry has an unitary extension on H W , denoted |W |. Hence, considering U = |W |, the implications i) and ii) are satisfied immediately with help of the theorems 2.4 and 2.6.
The following well known result, see for example [20] , is useful for our main purpose. such that T AT −1 ψ n (λ) = λψ n , n ∈ N ∪ {∞} where we write an element ψ ∈ N n=1 L 2 (σ(A), dµ n ) as an N -tuple (ψ 1 (λ), ψ 2 (λ), . . . , ψ N (λ)). In the previous proposition the realization of A is called a spectral representation, which lead us to the following result. We want to show that H W ψn L 2 (σ(W ), x dµ n (x)). Now, fixed n ∈ N ∪ {∞}, L 2 (σ(W ), dµ n ) is a Hilbert space, where µ n is a Lebesgue measure. Over such Hilbert space we define the bounded and self-adjoint operator given by (W x f ) (x) = xf (x). The linear operator is such that ker W x = {0} due to
for all x ∈ σ(W ), then given ε ∈ N, we take the measurable's sets
and we obtain
i.e µ n (M ε ) = 0, ∀ε ∈ N. Consequently, if
then µ n (M + ) = 0. Thus, we conclude |f | = 0 almost everywhere in σ(W ). i.e., f = 0 almost everywhere in σ(W ). Now, if over the Hilbert space L 2 (σ(W ), dµ n (x)) we take the Gram operator W x , then
is a singular Krein space, where
, where the function ψ(x) is measur-
In addition, the linear operator F has inverse which is well defined and is given by
In conclusion, the theorem is proved from the diagram
where G is an invertible operator defined in H ψn on L 2 (σ(W ), dµ n (x)).
The case: Gram operator W is unbounded.
Unfortunately, we can not obtain similar results when the Gram operator W on Hilbert space H is unbounded. Mainly because the tools used are based on specific properties given for the C * -algebra B(H). In the paper [15] was studied the behavior of the frames in this case. Next, we use such results to show the behavior of the frames of subspaces in the Hilbert spaces with W -metric where the Gram operator W is unbounded. For more details see [15] .
The Gram operator W is well defined with dense domain D W H. Hence, the W -metric [·, ·] = W ·, · only is defined for x, y ∈ D W = D W * . The polar decomposition (W = J|W |) allows us to define [x, y] J := |W |x, y , ∀x, y ∈ D W , and by the proposition 1.16 we get
Consider a partition {J i } i∈I of I such that I = i∈I J i and {k i,j } j∈Ji a sequence of frame for the Hilbert space (H. ·, · ) with frame bounds A i , B i > 0. We assume V i = span j∈Ji {k i,j } and 0 < A = inf i∈I A i ≤ B = sup i∈I B i for all i ∈ I . Hence, if {x i , V i } i∈I is a frame of subspaces for the Hilbert space (H. ·, · ), then {x i , V i } i∈I is not a frame of subspaces for the Krein space H W .
Proof. We have that {x i k i,j } i∈I,j∈Ji is a frame for the Hilbert space H (see [9] ), but in [15] was proved that {x i k i,j } j∈Ji is not a frame for the Krein space H W when the Gram operator W is unbounded. Thus, by the proposition 2.5, the family {x i , V i } i∈I is not a frame of subspaces for the Krein space H W . Proof. Since 0 ∈ ρ(W ), the linear operator G is invertible ( see [15] ). Thus, by the proposition 2.6, the proof hold.
When the Gram operator W is unbounded with 0 ∈ σ(W ) we get an analogous result to Theorem 2.10.
Theorem 2.17. Let H W be a Krein space where the Gram operator W is unbounded with 0 ∈ σ(W ). There is an invertible operator U : H → H W such that: i). If {x i , V i } i∈I is a frame of subspaces for the Hilbert space (H, ·, · ), then {x i , UV i } i∈I is a frame of subspaces for the Krein space H W .
ii). If {x i , V i } i∈I is a frame of subspaces for the Krein space H W , then {x i , U −1 V i } i∈I is a frame of subspaces for the Hilbert space (H, ·, · ).
Proof. In [15] was proved that for 0 ∈ σ(W ), the linear operator G : D G ⊂ H W → H, which is given by G = |W |, has an unique unitary extension U := G : H W → H. Thence by the proposition 2.6 the statement hold.
Final remarks
In this paper we study Hilbert spaces with bounded Gram operator. When the Gram operator W is unbounded, our main result is not satisfied whether H cannot be decomposed. In such case, we can only state that if H satisfies (2.7) in some way, then the decomposition (2.11) is obtained to H W .
The following open questions arose during the writing of this paper. i). Is it possible to solve differential equations with frames on some Hilbert or Krein spaces?
ii). In [1, 2, 3] were studied relations between differential Galois theory and the solution of the Schrödinger equation over separable Hilbert space (L 2 ), is it possible to obtain similar results in the context of the Krein and Hilbert frames subspaces?.
iii). Is it possible to study partial differential equations with the frames on some Hilbert or Krein spaces? iv). How can we write a quantum mechanics formalism in the context on the frames of subspaces in Hilbert or Krein spaces?
v.) How can we use Banach algebras instead of Hilbert spaces to study the frames theory?
vi). How can we relate the frame theory with Weyl C * -algebra?
vii). What happens in the case of tensor product on vector space in the frames theory?
Ferrer Osmin, Department of Mathematics, Universidad Surcolombiana, Neiva, Colombia. Email: osmin.ferrer@usco.edu.co
